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The production of the Bc and B∗c mesons was studied in the framework of the factor-
ization formalism and perturbative QCD. Predicted results implied that an observable
number of Bc and B∗c events can be produced at LEP I and at Tevatron. The fragmen-
tation approximation describes the production of the Bc and B∗c mesons very well in
high energy e+e− collisions. In hadronic collisions, it is valid when and only when the
transverse momentum PT of the produced Bc and B
∗
c is much larger than the mass of
the Bc meson.
1. Introduction
The Bc meson is very interesting because it is the only avored meson containing
a heavy quark and a heavy antiquark. However, the study of the Bc meson suers
from the diculty of producing it in experiments. The conventional production
mechanisms for the Bu and Bd mesons and for heavy quarkonia J/ψ and  are
not available for the Bc and B
∗
c mesons. A question is whether a suciently large
number of Bc events can be produced in experiments. If not, the study of the Bc
meson would be only of theoretical interest.
Theoretical studies of the production for the Bc meson over the past few years
give a positive answer to this question. The dominant mechanism for the production
of the Bc meson in high energy collisions has been found to be the following. First
two heavy quark pairs cc and bb are produced in a high energy process, and then the
c quark from the cc pair and the b quark from the bb pair bind to form a Bc meson.
At the e+e− collider LEP I, the Bc meson can be produced via the Z
0 decay1,2
e+e− → Z0 → Bc + b+ c. At the hadron-hadron colliders Tevatron and LHC, it can
be produced by gluon-gluon fusion and quark-antiquark annihilation subprocesses3
such as g+ g → Bc + b+ c, q+ q → Bc + b+ c. Calculations show that quite a large
number of the Bc events can be produced both at LEP I and at the Tevatron and
the LHC. The experimental search for the Bc meson is now under way at LEP and
the Tevatron. Some preliminary results from LEP I experiments were reported in
this workshop4. Results from the Tevatron are expected in the near future.
Like the cc and bb systems, the bc is a nonrelativistic bound state system of
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a heavy quark and a heavy antiquark. According to the nonrelativistic QCD
(NRQCD) factorization formalism5, the production cross section of the Bc and
the B∗c mesons can be factorized as the products of short distance coecients and
long distance matrix elements. The production of the cc and the bb pairs is a short-
distance process that occurs at a distance scale of order 1/mQ or smaller, and it
can be accurately calculated using perturbative QCD to any order in αs(mQ). The
formation of the Bc meson is a long-distance process which occurs at a scale of order
of 1/(mQv), and it can be described by NRQCD matrix elements which scale in a
denite way with v, the typical relative velocity of the bound states. In the produc-
tion of the Bc or B
∗
c mesons, the contribution from color-octet processes is smaller
than that from color-singlet process simply because the short-distance coecients
are of the same order in αs, but the color-octet matrix elements are higher order of
v. Thus the production is dominated by color-singlet processes. The relevant color-
singlet matrix elements can be estimated well by heavy-quark potential models or
by lattice calculations. Therefore, the production of the Bc is predictable without
any free parameters.
If the Bc is produced with suciently large transverse momentum, then the
fragmentation approximation is expected to be available. In this approximation,
the cross section factors into a cross section for producting a b quark and a frag-
mentation function that gives the probability for the b quark to hadronize into a Bc
meson. The fragmentation functions are universal, so they can be used to calculate
the production of the Bc both in e
+e− process and in hadron-hadron collisions.
An interesting question is how well the fragmentation approximation to the full
calculation works for the production of the Bc and B
∗
c mesons. In the following
sections, this question will be addressed for the production of Bc and B
∗
c at LEP
and at hadronic colliders.
2. Production of the Bc Meson in e
+e− Collision
At LEP I, millions of Z0 events have been accumulated. Such a large number of
events provides us with an opportunity to search for the Bc meson through the
process Z0 → Bc(B∗c ) + b + c. Calculations of the production rate7,1,2 show that
the branching ratio for Z0 → Bc +X is around 10−4.
The process can be calculated either using the covariant projection method8 or
using the recently developed threshold expansion method9. At the lowest order in
αs, there are four Feynman diagrams responsible for the process Z
0 → Bc + b+ c.
Let k, P , q1, and q2 be the momenta of the Z
0 boson, Bc meson, c quark and b
quark, respectively. We can dene three Lorentz invariant variables
x ≡ 2k · q1
M2Z
, y ≡ 2k · q2
M2Z
, z ≡ 2k · P
M2Z
, (1)
which are twice the energy fractions of the Bc, c quark and b quark in the Z
0 rest
frame, respectively. They are constrained by x+ y + z = 2 and 0 < x, y, z < 1.
The full calculation for Z0 → Bc + X is straightforward. The decay width
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and various distributions in x, y, and z can be expressed as products of short-
distance coecients and long-distance color-singlet matrix elements 〈0|OBc1 (1S0)|0〉
and 〈0|OB∗c1 (3S1)|0〉. Using the approximate heavy-quark spin symmetry of NRQCD,
these two matrix elements are equal to f 2Bcmc and 3f
2
Bc
mc, respectively, up to cor-
rections of order v2.
The fragmentation functions for the production of the Bc can be extracted by
taking the limit MZ/mBc → ∞. In this limit, the square of the matrix element is
singular when the produced Bc is collinear either with the b quark or with the c
quark. In this region, either x→ 1 or y → 1 but z varies from 0 to 1. In the limit,
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, (4)
for the B∗c meson, where r = mc/(mb +mc). The c quark fragmentation functions
can be obtained by exchanging mb and mc. These fragmentation functions describe
the probability for a jet initiated by a high energy b quark to include the hadron Bc
carrying a fraction z of the jet momentum. They were rst calculated by Chang and
Chen1 and Braaten, Cheung, and Yuan2. These are the lowest order fragmentation
functions at the energy scale around mBc . All leading logarithmic terms coming
from the collinear emission of gluons can be summed up by solving the Altarelli-












Pi→j(z/y, µ) Dj→Bc(y, µ) , (5)
where Pi→j(x, µ) is the Altarelli-Parisi function for the splitting of the parton of
type i into a parton of type j with longitudinal momentum fraction x.
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Explicit calculations show that the result predicted by the fragmentation ap-
proximation Eq. (2) is very close to that from the full calculation1,2.
Integrating over the variable z, in eqs. (3), (4), the probabilities for a high energy
b antiquark or c quark fragmentating into a Bc or B
∗
c meson can be obtained. Taking
the parameters adopted by Braaten, Cheung, and Yuan2, the numerical values for
the fragmentation probabilities are 2.2×10−4 for b→ Bc and 3.1×10−4 for b→ B∗c .
The fragmentation probabilities for c are smaller than those for b by almost two
orders of magnitude, because it is much harder to creat an extra bb pair by emitting
a virtual gluon than to creat an extra cc pair.
3. Production of the Bc Meson in Hadron-Hadron Collision
Hadronic production, as rst pointed out by Chang and Chen3, is dominated at
high energies by the subprocess g+g→ Bc(B∗c )+b+c. It can be calculated fully to
order α4s in PQCD. Since a dicult numerical calculation is involved, conrmation
from some other independent calculations are necessary. Since Chang and Chen3
rst presented the numerical results for the hadronic production, calculations have
also been done by several other authors10,11,12,13,14,15,16 , not all of which are in
agreement. Slabospitsky10 claimed an order of magnitude larger result than Chang
and Chen3. Berezhnoy et al.11 obtained a result larger than Chang and Chen3
and smaller than Slabospitsky10. Masetti and Sartogo12 found a result similar to




overlooked in their previous work11. After including this factor, their revised result
is in agreement with Chang and Chen3. Baranov15 independently also obtained
results similar to Chang and Chen3. Ko lodziej et al.16 presented results using
dierent parton distribution functions and energy scale from that used by Chang
and Chen3 so it dicult to directly compare their nal results. However, their
results for the cross sections for the parton subprocess are similar to others13,14.
Ko lodziej et al.16 pointed out that the cross section for the subprocess calculated
by Berezhnoy et al.14 for
√
s^ = 1 TeV was incorrect. The error probably came from
the numerical calculation of the subprocess cross section since the the square of the
matrix element is highly singular at such a high energy. It would not aect the cross
section from hadron collision at Tevatron or LHC energies because the contributions
from gluons with such a high energy center-of-mass are negligible. Therefore, we
are condent that the results of the original order-α4s PQCD calculation by Chang
and Chen3 and the more recent ones13,14,15,16 are now in agreement.
An alternative way to calculate the hadronic production is to use the fragmen-
tation approximation. From general factorization theorems it is clear that, for
suciently large transverse momentum PT of the Bc or B
∗
c , hadronic production is
dominated by fragmentation. The calculation can then be considerably simplied
using this approximation, as was rst done by Cheung17. Subsequently, the com-
parison between the full α4s calculation and the fragmentation approximation has
been discussed by several authors13,14,16. However, very dierent conclusions have
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been drawn, although their numerical results are similar. Chang et al.13 found that
when
√
s^ and pT are small the dierence between the fragmentation approximation
and the α4s calculation is large. Berezhony et al.
14 claimed that the fragmentation
approximation breaks down even for very large PT by examining the ratio of B
∗
c
to Bc production. Ko lodziej et al.
16 claimed that the fragmentation approximation
works well if PT exceeds about 5 − 10 GeV, which is comparable to the Bc mass,
by investigating the PT distribution of the Bc meson.
It is nontrivial to clarify these points since the full calculation is quite com-
plicated, with the dominant subprocess involving 36 Feynman diagrams, but the
importance of investigating this issue is twofold. From the theoretical perspective,
it provides an ideal example to quantitatively examine how well the fragmenta-
tion approximation works for calculating the hadronic production of heavy avored
mesons. In this process both the full α4s contributions and the fragmentation ap-
proximation can each be calculated reliably. Experimentally, it is important to have
a better understanding of the production of the Bc mesons in the small PT region
where the Bc production cross section is the largest. The PT distribution decreases
very rapidly as PT increases.
Recently, Chang, Chen and Oakes6 carried out a detailed comparative study
of the fragmentation approximation and the full α4s QCD perturbative calculation.
We rst studied the subprocesses carefully. By analyzing the singularities appearing
in the amplitudes and in the PT distributions of the subprocesses, we gained some
important insight into the processes. We then calculated the entire hadronic pro-
duction cross section for pp (or pp) collisions at the Tevatron energy. To facilitate
a quantitative comparison we found it very instructive to examine the distribution
in variable z, dened to be twice the energy fraction carried by the Bc meson in the
center of mass of the subprocess, which is in principle observable. Investigating the
z distribution we found that the fragmentation contribution dominates when and
only when PT MBc . It is insucient to evaluate the validity of the fragmentation
approximation by only examining the PT distribution.
In order to obtain some insight into the process, we rst focus the discussion on
the subprocess. At the lowest order, α4s , there are 36 Feynman diagrams responsible
for the dominant gluon fusion subprocess g + g → Bc + b+ c. When the energy in
the center of mass system,
√
s^, is much larger than the heavy quark mass, the main
contributions to the cross section come from the kinematic region where certain of
the amplitudes in the matrix element are nearly singular; i.e., some of the quark lines
or gluon lines are nearly on-shell. In the large PT region, the only singularity is the
collinear one for which the Bc is collinear with fragmenting b antiquark or collinear
with the fragmenting c quark. Therefore, at suciently large PT , the subprocess is
dominated by fragmentation. However, when the PT of the Bc meson is small the
produced Bc, as well as the b and the c quarks, can be soft or collinear with the beam.
In this region the square of the matrix element is highly singular because two or more
of the internal quarks or gluons in certain Feynman diagrams can simultaneously be
nearly on-mass-shell. Although this region is a smaller part of the phase space, these
